Abstract. Boundary value problems of the third kind are converted into boundary integral equations of the second kind with periodic logarithmic kernels by using Green's formulas. For solving the induced boundary integral equations, a Nyström scheme and its extrapolation method are derived for periodic Fredholm integral equations of the second kind with logarithmic singularity. Asymptotic expansions for the approximate solutions obtained by the Nyström scheme are developed to analyze the extrapolation method. Some computational aspects of the methods are considered, and two numerical examples are given to illustrate the acceleration of convergence.
Introduction and preliminaries
In this paper, we establish an extrapolation method for the boundary integral equation induced from the boundary value problem of the third kind: u(P ) = 0, P ∈ D, (1.1) ∂u(P ) ∂n P = −cu(P ) + g(P ), P ∈ Γ := ∂D, (1.2) where D is a bounded, simply connected open region in R 2 with a smooth boundary Γ. We seek a solution u ∈ C 2 (D) ∩ C 1 (D) for the boundary value problem (1.1)-(1.2). In (1.2), n P denotes the exterior unit normal to Γ at P , the function g is assumed given and continuous on Γ, and c is a positive constant. This is the linear version of the boundary value problem considered in [5] . A survey [4] of boundary integral equation methods in R 3 will help the reader to get an insight into the connection between boundary value problems and the corresponding integral equations.
Using Green's representation formula for harmonic functions, we show as in [5] that the function u satisfies
for all P ∈ D, where dσ(Q) denotes the differential of the line element along Γ with respect to the point Q. Letting P tend to a point on Γ, and using the boundary condition in (1.2), we obtain
log |P − Q|dσ(Q), P ∈ Γ.
(1.4)
Then we can solve the boundary integral equation (1.4) for u on Γ and obtain the normal derivative from (1.2). Finally, the representation (1.3) gives u(P ) for P ∈ D. It is required for the use of (1.3)-(1.4) that the transfinite diameter of Γ, denoted by C Γ , not be equal to 1. If it is 1, then (1.1)-(1.2) can be redefined on a rescaled region D in such a way that the new C Γ = 1 (see [5] ). The solvability of (1.4) follows from the results of [10] . We introduce a parametrization r(t) = (ξ(t), η(t)), 0 ≤ t ≤ 2π, for the boundary Γ. Assume that each component of r is in C ∞ 2π (−∞, ∞), the space of 2π-periodic functions in C ∞ , with |r (t)| = ξ (t) 2 + η (t) 2 = 0 for 0 ≤ t ≤ 2π. Using this parametrization, we rewrite the operators A and B as (Av)(t) = 1 π 2π 0 (1.8) for v ∈ C 2π [0, 2π], where C 2π [0, 2π] denotes the subspace of 2π-periodic functions in C [0, 2π] . We denote by a(t, s) the kernel of the operator A. When s = t + 2lπ with an integer l, then a(t, t + 2lπ) = ξ (t)η (t) − η (t)ξ (t) 2π[ξ (t) 2 + η (t) 2 ] .
η (s)[ξ(s) − ξ(t)] − ξ (s)[η(s) − η(t)] [ξ(s) − ξ(t)] 2 + [η(s) − η(t)] 2 v(s)ds

Moreover, a(t, s) is in C
∞ 2π (−∞, ∞). In fact, it is clear that for s = t + 2lπ, a(t, s) is infinitely many times differentiable. To see that it is also differentiable at s = t + 2lπ, we consider both numerator and denominator of a(t, s) as functions of s and represent them by their Taylor expansions at s = t + 2lπ. Then we find a(t, s) = 
(η (t)ξ (t) − ξ (t)η (t)) + O(s − (t + 2lπ)) ξ (t) + η (t) + O(s − (t + 2lπ)) .
Since the denominator of the right-hand side converges to ξ (t) 2 + η (t) 2 = 0 as s → t + 2lπ, one can see that for any integer n ≥ 0 the nth derivative of the righthand side of the above equation at s = t+2lπ exists. Since ξ and η are 2π-periodic, a(t, s) is 2π-periodic. Hence, we conclude that a(t, s) is in C ∞ 2π (−∞, ∞). In (1.9), log |t − s| has a singularity along the diagonal, log |2π − s + t| and log |2π − t + s| have singularities at s = t + 2π and s = t − 2π, respectively. Let
Then it can be proved that
In fact, for s = t, t + 2π, t − 2π, b(t, s) is infinitely many times differentiable. To see that it is also infinitely many times differentiable at s = t, we consider |r(t)− r(s)| 2 as a function of s and represent it by its Taylor expansion at s = t; we find
Clearly, the right-hand side of the above equation is infinitely many times differentiable at s = t. Similarly, one can see that b(t, s) is also infinitely many times differentiable at s = t + 2π and s = t − 2π.
In operator notation, equation (1.7) becomes
The following lemma gives the differentiability of the function on the right-hand side of (1.10). We denote by C n 2π (−∞, ∞) the subspace of 2π-periodic functions in C n (−∞, ∞).
Since F (s) log |r(t) − r(s)| is periodic in both t and s with period 2π, B(g • r) is periodic with period 2π. We shall complete our proof by showing that for any α ∈ R, we have B(g • r) ∈ C n (α, 2π + α), which evidently implies the conclusion of the lemma. Noticing the periodicity of F (s) log |r(t) − r(s)|, we have
It has been proved that the kernel b(t, s) of the last integral in the right-hand side of the equation above is inĈ ∞ . Hence, the function defined by this integral is in C n (α, 2π + α). We need only prove that the function I(t) defined by the first integral of the equation above is in C n (α, 2π + α). Notice that
Then it suffices to prove the following formula: for t ∈ (α, 2π + α),
where
. This formula holds trivially for i = 0 with x 0 = 0. We assume that it holds for some integer i and prove that it holds for i + 1. Notice that for t ∈ (α, 2π + α),
Then, by the periodicity of F and these identities, we have that for t ∈ (α, 2π+α),
This completes the proof of the formula and the lemma as well.
Since (1.10) is a Fredholm integral equation of the second kind, we consider the following Fredholm integral equations in a more general setting that includes equation (1.10) as a special case:
The kernel in (1.11) takes the form
where T = b − a. Let m ≥ 1 be an integer. We assume that
and
are chosen so that the kernel k is periodic in both t and s with period T . In addition, we assume that
, and H 4 (t, t) are periodic in t with the same period T . The function f on the right-hand side is also assumed to be periodic in t with period T and in C 2m (−∞, ∞). We remark that a solution of equation (1.11) is also periodic with period T , since 
In operator notation, equation (1.11) can be written as
Clearly, K is a compact operator in C T [a, b] , with a weakly singular kernel. If λ is not an eigenvalue of the operator K, then equation (1.11) has a unique solution in
In general, the solution of equation (1.11) is as smooth as f is in the interior of (a, b), but may have mild singularity at the endpoints a and b, namely, the derivative of φ may be unbounded at a and b (see [11] ). However, as argued in [13] , the periodicity property of φ ensures that φ has no singularity at either endpoint, and then φ is as smooth as f is in (−∞, ∞). In fact, since k, f and φ are all periodic with period T , the limits a and b in (1.11) can be replaced by a and b respectively, with b − a = T . In particular, choose a pair a , b with b − a = T such that a ∈ (a , b ) and replace a and b in (1.11) by a and b , respectively. Then the solution φ of (1.11) is as smooth as f is at a, since a is an interior point of the interval [a , b ] . Similarly, we prove that φ is as smooth as f is at b. As a result, we conclude that φ is as smooth as f is on (−∞, ∞).
In this paper, we derive an extrapolation scheme for the approximate solutions of (1.11) obtained by Nyström methods with a subdivision of the given partition. An asymptotic expansion for such approximate solutions is presented. The paper is organized as follows: In §2, we derive the Nyström method by using a quadrature formula of Sidi and Israeli, state the main theorem of this paper that gives an asymptotic expansion of approximate solutions, and derive the extrapolation scheme by using this asymptotic expansion. In §3, we prove two different convergence properties of the approximate operators. In §4, we give the proof for the main theorem stated in §2. In §5, some computational aspects of the Nyström method are considered and two numerical examples are presented to illustrate the theoretical estimates for the extrapolation scheme.
Nyström scheme and extrapolation methods
In this section, we present a Nyström scheme and its extrapolation method and state the main theorem of this paper. We first recall a known result of Sidi and Israeli that will be used to establish the Nyström method on the basis of which the extrapolation procedure is defined.
Let
where n is a positive integer. Let t ∈ [a, b] be fixed. The following Theorem 2.1 can be found in [12, 13] . Some early work on Euler-Maclaurin expansions for integrals with singularity may be found in [8, 9] , and a general extrapolation method is discussed in [7] . Using this result, we develop a generalized Euler-Maclaurin formula on which our Nyström scheme and extrapolation method are based.
Theorem 2.1 (Sidi and Israeli). Let m > 1 be an integer. Let t be one of the points in
S n−1 := {s 1 , s 2 , . . . , s n−1 }. Assume thatĝ ∈ C 2m [a, b]. Let G(s) = |s − t| β log(|s − t|)ĝ(s), β > −1. Then b a G(s)ds = h 2 (G(s 0 ) + G(s n )) + h n−1 j=1,sj =t G(s j ) + m−1 µ=1 B 2µ (2µ)! G (2µ−1) (a) − G (2µ−1) (b) h 2µ − 2 m−1 µ=0 [−ζ (−β − 2µ) + ζ(−β − 2µ) log(h)]ĝ (2µ) (t) (2µ)! h 2µ+β+1 + O(h 2m ), h → 0,
Theorem 2.2. Let m > 1 be an integer and t ∈ [a, b] be fixed. Assume that
and assume that G is periodic with period
Proof. First, we prove that the theorem holds if t ∈ S n−1 . Denote
We rewrite
so that the singular point of each integral is always within the lower and upper limits. Applying Theorem 2.1 with β = 0 to each of the integrals 
By using the periodicity of G and noticing that ζ(0) = −1/2, ζ(−2µ) = 0 for µ = 1, 2, . . . , and ζ (0) = −1/2 log(2π), we have
Since t is one of the points in S n−1 , we have
Hence, for t ∈ S n−1 we have established formula (2.1).
with b − a = T such that t coincides with one of the points in
with s j = a + jh. By the periodicity of G, we have
Because we have proved in the last paragraph that formula (2.1) with a and b replaced by a and b holds for t ∈ S n−1 , applying the formula to the integral
Again, by the periodicity of G, we have that
G(t + jh).
This completes our proof.
In Theorem 2.2, we assume that m > 1 in order to have a complete expansion as given above. If m = 1, then it can be verified (see [8, 9] ) that the following asymptotic expansion holds:
We now use Theorem 2.2 to develop the Nyström scheme for solving equation (1.11). Let K be the integral operator defined by (1.12) with H i , i = 1, 2, 3, 4, given in §1 and φ the solution of equation (1.
11). Applying Theorem 2.2 to G(s)
For each positive integer n, we define an operator
2)
where we use C 2m T (−∞, ∞) to denote the space of T -periodic functions in C 2m (−∞, ∞). Replacing K by K n in equation (1.11) leads to the following approximate equation:
Equation (2.4) is called the Nyström scheme for solving equation (1.11) , and a solution of (2.4) is called a Nyström solution for equation (1.11) . This equation is the one we use to generate approximate solutions φ n to the solution of (1.11). In the next section, we will show that the operators K n are uniformly bounded with respect to n. If λK n < 1, then equation (2.4) has a unique solution and the solution is continuously dependent on the right-hand side. This condition can be weakened by assuming (I − λK)
Since our main interest of this paper is to study the asymptotic analysis for the solution of (2.4), we will simply assume, without further mentioning, that (I−λK n ) −1 exists and is uniformly bounded for sufficiently large n. More discussion about the computational issues of equation (2.4) will be given in §5.
We now state the main result of this paper, which gives an asymptotic expansion of the Nyström solution φ n . The proof of this theorem is given in §4. 
where v q are some functions independent of h.
We remark that a sufficient condition for [ 
From Theorem 2.3, we obtain immediately the order of convergence for the th extrapolated approximate solutions φ n, . This result is summarized in the following theorem.
Theorem 2.4. Suppose that the conditions of Theorem 2.3 hold. Then
where v ,j are functions independent of h.
It follows from Theorem 2.4 that the first extrapolation increases the convergence order from 3 to 5, and after the first step each extrapolation increases the convergence order by one.
Convergence properties of K n
In this section, we study some properties of the approximate operators K n defined by (2.2), including pointwise convergence and uniform convergence of (K n φ)(t) for t ∈ [a, b]. These results are needed for our further development, and they are of independent interest as well.
We first prove the pointwise convergence of ( We are now ready to state and prove pointwise convergence of (K n φ)(t).
Then, from equation (2.2) we have (K n φ)(t) =(K n φ)(t) + H 1 (t, t)φ(t)h log h 2π + h(H 2 (t, t) + H 3 (t, t)) log(T )φ(t) + hH 4 (t, t)φ(t).
Since the last three terms vanish if h → 0, it is sufficient to show that (K n φ)(t) converges to (Kφ)(t) pointwise. By making use of the periodicity of k and φ, we rewrite (Kφ)(t) = 
log(|t − s|)H 1 (t, s)φ(s)ds + t t−T log(|T − s + t|)H 2 (t, s)φ(s)ds
Now we rewrite (K n φ)(t), according to equation (3.2) by using the periodicity, as
Since the integrands of the second and fourth integrals on the right-hand side of equation (3.2 ) are continuous on [t − T, t], the second and fourth summations on the right-hand side of (3.3 ) converge to the corresponding integrals, respectively.
The integrand of the first integral on the right-hand side of (3.2 ) has a singularity at s = t, and the first summation on the right-hand side of (3.3 ) defines a quadrature formula Q n (y), where y(s) = H 1 (t, s) log(|t − s|)φ(s), for the first integral 
It can be shown that the function on the right-hand side is in class M. Hence in both cases, we conclude that y(s) as a function of s is in class BM. By Theorem 3.1, the first summation on the right-hand side of (3.3 )converges to the first integral on the right-hand of (3.2 ).Notice that the third integral on the right-hand side of (3.2 ) can be rewritten as
whose integrand has a singularity at s = −t + T, and the third summation on the right-hand side of (3.3 ) can be rewritten as
t, −(−t + T − jh)) log(|T − t − (−t + T − jh)|)φ(−(−t + T − jh)),
which defines a quadrature Q n (y * ), where y * (s) = log(|T − t − s|)H 3 (t, −s)φ(−s),
As seen before, we need only show y * ∈ BM in order to conclude that Q n (y * ) → −t+T −t y * (s)ds and then in turn conclude that the third summation on the right-hand side of (3.3 ) converges to the third integral on the right-hand side of (3. 
log(T ) if s ∈ (−t + T − 1,−t + T).
It can be shown that the function on the right-hand side is in class M. Hence, in both cases we conclude that y * (s) as a function of s is in class BM. It follows from the above derivation that (K n φ)(t) converges to (Kφ)(t) pointwise for t ∈ [a, b]. The proof is complete.
We now establish the uniform convergence of {(K n φ)(t)} for t ∈ [a, b]. To this end, we need the following three lemmas.
Lemma 3.3. Let n be a positive integer. Then
Proof. Since − log(s) is decreasing and nonnegative on (0,1], we have
For any positive integer n, we rewrite the operators K n , using the periodicity property of k and φ, in the following way: 6) and thus n−1 j=1 h|k(t, t + jh)| is bounded by a constant. This implies that K n φ ≤ C φ for some constant C > 0 and for all n.
Using the expression for k(t, t + jh), we conclude
n−1 j=1 |hk(t, t + jh)| ≤ M 1 n−1 j=1 |h log(jh)| + M 2 n−1 j=1 |h log(|T − jh|)| +M 3 n−1 j=1 |h log(|T + jh|)| + M 4 ≤ (M 1 + M 2 ) n−1 j=1 |h log(jh)| + M 3 n−1 j=1 |h log(T + jh)| + M 4 .
By Lemma 3.3, we have the following estimate
for all n and all t, s ∈ [a, b] with |t − s| < δ.
Proof. If φ = 0, then the statement of the lemma holds trivially. Assume φ = 0. Again, by using equation (3.5), we have 
where C 1 is a bound for h| log( h 2π )| given in the proof of Lemma 3.4. It follows that
By inequality (3.6) and Lemma 3.3,
j=1 h| log(jh)| is bounded for all n. Let C 2 be its bound. Since H 1 (t, s), H 2 (t, s), H 3 (t, s) and H 4 (t, s) are uniformly continuous on {(t, s) : |t−s| ≤ T, t ∈ [a, b]}, there exists δ 2 > 0 such that, whenever |t−s| < δ 2 , we have
By the proof of Lemma 3.4, n−1 j=1 h|k(t, t + jh)| is bounded. Assume it is bounded by C 3 . Since φ is uniformly continuous on [a, b] and periodic, there exists δ 3 > 0 such that for all j and all h > 0
whenever |t − s| < δ 3 . Let δ = min{δ 1 , δ 2 , δ 3 }. It follows from the above derivation that
Let a = t 0 < t 1 < · · · < t m = b be a fixed partition of [a, b] with t j − t j−1 < δ for j = 1, 2, . . . , m. By assumption, (K n φ)(t j ) converges to (Kφ)(t j ) for each j. It follows that there exists N > 0 such that
Notice that for t ∈ [a, b] we have t ∈ [t j−1 , t j ] for some j and thus t j − t < δ. Hence,
whenever n > N and p = 1, 2, . . . . Hence,
whenever n > N and p = 1, 2, . . . . Consequently, {K n φ} is a Cauchy sequence in
As a direct consequence of Theorem 3.6, we show that if (I − λK n ) −1 exists and is uniformly bounded for sufficiently large n on C T [a, b] , then the unique solution φ n of (2.4) converges to the unique solution φ of (1.11). In addition, suppose that H 1 , H 2 , H 3 , H 4 , and f satisfy the assumption of this paper with m = 2. Then, φ − φ n ≤ Ch 3 , where C is a constant independent of n. To see this, we note from (1.11) and (2.4) that
By Theorem 3.6, we have
If the additional assumptions are imposed, using (2.3) with m = 2, we find
Proof of Theorem 2.3
In this section, we present the proof of Theorem 2.3.
Proof of Theorem 2.3.
To prove the theorem, we show that there exist periodic
is of O(h 2m ), where s denotes the largest integer not greater than s. In the course of proving this, we shall construct the functions v q .
Applying the operators I − λK n to the both sides of (4.1) gives
we have asymptotic expansions for (I − λK n )φ and (I − λK n )v q for q < 2m − 2 in the form of (2.3). In addition, since
Using the asymptotic expansions mentioned above and the relation
we find that the right-hand side of (4.2) becomes
Rearranging the terms in the third summation of the above quantity with respect to the order of h, we rewrite this summation as
Therefore, the right-hand side of equation (4.2) becomes
We now choose v q (t) to be the solutions of the following integral equations:
Each of these equations has a unique solution. In particular, v 4 = 0. The functions v q are defined recursively by the solutions of the above equations. The periodicity
implies that the functions on the right-hand side of the above equations are all periodic and so are the solutions. By the assumptions on φ and
. Once these functions are chosen, we have
By assumption, there exists a constant C such that (I − λK n ) −1 ≤ C, and thus η n (t) = O(h 2m ). The proof is complete.
Computational aspects and numerical examples
In this section, we consider some computational aspects of the approximate equation (2.4) and present two examples to illustrate the accelerated convergence of extrapolation method.
Notice that the definition of K n in equation (2.4) is unconventional. In conventional quadrature schemes for integral equations with continuous kernels (see [1] ), (K n φ)(t) can be expressed as a combination of φ(s k ), and the coefficients may depend on t. In other words, K n maps a vector (φ(s 1 ), . . . , φ(s n )) in R n to a continuous function. However, in the current case, (K n φ)(t) is defined in terms of φ(t + jh), a < t + jh ≤ b. The function (K n φ)(t) not only depends on n values of φ at n nodes, but also depends on the values of φ at every point in [a, b] .
To solve equation (2.4), we let t = s i for i = 1, 2, . . . , n in the equation. Since the extrapolation method will use two approximate solutions corresponding to different stepsizes h, we denote φ 
This system of linear equations is called the discrete Nyström method, and the solution of the system is called the discrete Nyström solution for (1.11). Clearly, if the system (5.1) has a unique solution (φ
. . , n. In fact, it can be shown that if equation (2.4) has a unique solution φ n for any continuous periodic right-hand side f , then the linear system (5.1) has a unique solution. To see this, we specialize the equation (2.4) at the nodes s i and we conclude that (5.1) has a solution for any right-hand side. This implies that the coefficient matrix of the system must be of full rank. Since it is a square matrix, it is nonsingular. However, by assumption, for a sufficiently large n, equation (2.4) has a unique solution. Hence, we conclude that for a sufficiently large n, the linear system (5.1) has a unique solution (φ h 1 , . . . , φ h n ) and φ h i = φ n (s i ). Some points of the above discussion were motivated by [14] .
Upon solving the linear system (5.1), we obtain the values of φ n at the given nodes s i . Thus, by using the extrapolation scheme described in §2, we obtain the discrete extrapolated approximate solutions, which have a higher order of convergence.
We next consider two examples.
Example 1.
Consider the boundary value problem
where g(P ) = 1 and D is the region
with (a, b) = (1, 2). It is not hard to verify that u(x, y) = 1 is the unique solution of this problem. We will use our methods to obtain numerical solutions to this problem. Let
With this parametrization, the unit exterior normal vector of Γ at t is
Since r(t) = (cos t, 2 sin t), we have |r (t)| = √ 1 + 3 cos 2 t = 0. Hence, 2 . The formula given in Theorem 2.2 is used to calculate the integral in the righthand side of (1.10) and the discrete Nyström method (5.1) is used to compute approximate solutions of (1.10). The following two tables give the error of the approximate solutions using different stepsizes h and of the extrapolated solutions, respectively. In Table 1 , we use e i = u(r(t i ))−φ h i to denote the error of the Nyström solutions corresponding to the specified h. The rate of convergence guaranteed by Theorem 2.3 is of order 3. In Table 2 , we list the error of the extrapolated solutions by using the extrapolation algorithm described in §2, where e Comparing Tables 1 and 2 , we see that the error e (1) i of one-step extrapolation is much smaller than the error e i of the Nyström solution with h = 2π/20, and the error e (2) i of one-step extrapolation is much smaller than the error e i of the Nyström solution with h = 2π/40. Both Table 1 and Table 2 show that the convergence rates agree with theoretical estimates shown in Theorem 2.4. This example illustrates that the extrapolation process accelerates the order of convergence.
Example 2.
In Example 1, if we choose u(x, y) = e x cos y, and g = ∂u(P ) ∂nP + u is calculated accordingly; then we have the following numerical results. Here we use the same notation as in the previous example. 
